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This Note explores a family of sequences related through their exponential generating functions (e.g.f.) to smooth solutions of the nonlinear differential
equation f’(z) = af (z)f(z) in C. The implied recurrence for the complex expansion coefficients of the solutions leads to a family of sequences uniquely
labeled by two complex parameters. Excluding a subset of ‘singular’ cases, each of these sequences has an e.g.f. which can be written as a multiple of
the tangent function of a linear form of its complex argument. There exists also a closely related family of singular cases which lead instead to a simple
inverse linear form.

A subset of this family contains sequences with exclusively integer elements, one for every pair of integer numbers. Since many of these integer
sequences appear on OEIS, often without an explicit recognition of the close relationship between them, it is hoped that the present Note might
constitute a useful unifying link and a useful classification. Another interesting subset is that of sequences with complex coefficients which have integer
real and imaginary parts. These seem to be novel so far, and a couple of examples are listed.
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I. Introduction

We will consider functions f(z) in the complex [1] domain €, which satisfy the nonlinear differential equation

y"'(2) = a.y'(2)y(2), (LD
with a being some non-zero complex constant. Notice, however, that setting

y(2) = f(2)/a, (1.2)
the equation simplifies to

(@) = f'(2)f (2). (1.3)

It is therefore possible, without any loss of generality, to drop the constant a and focus just on equation (1.3).

We will consider only those ‘solutions’ f(z) of equation (I.3) which are analytic [2] in a neighborhood of z = 0, i.e,,
have therein a convergent expansion in powers of z:

f(2) = Xazo faz", (1.4)
with f; being some constant complex coefficients (here, we will indicate the set of such functions as F). Then

f'(@) = Lo + Dfpy1 2" (1.5)

f"(2) = Xpzo(n + D(n + 2) fry2 2" (1.6)
and the condition (I.3) implies the recurrence

(n+ D+ 2)frsz = k=0 =k + D fyefries (1.7)

An elementary manipulation shows that setting
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fo = cn/nt, (1.8)
the recurrence becomes
Cny2 = Zﬁ:o C(n, k)cyCp_g+1 19

where C(n, k) are the binomial coefficients [3]. Explicitly, the first few terms of the recurrence are:
€y = CoCq,C3 = CoCy + €2, 4 = CoC3 + 3ci6y, €5 = CoCy + 4103 + 3c2, cg = coCs + 5¢1c4 + 10c,c3, ... (1.9a)
Substituting expression (I.8) into the equation (1.4), we realize that f(2) is the exponential generating function [4] (e.g.f.) of the sequence {c,},
(@) = Zr=o(en/n))2", (1.10)
and the ¢, are therefore the complex coefficients of the Taylor-Maclaurin series [5] for f(z).

To define a specific instance of the recurrence (1.9) one needs to select just the first two terms ¢ and c;. The recurrence therefore gives rise to a family
of sequences (in general complex-valued) with two settable parameters. We will denote the members of this family of sequences as S{c, c;} and the
corresponding e.g.f. as egf (z; S{cy, ¢, }). In addition, we will also denote the n-th element of S{c, ¢;} as ¢, = S, {cy, ¢1}-

From the above it follows that the following uniqueness lemma holds:

Lemma 1: If two functions f(z) and g(z) both belong to F and f(0) = g(0), f'(0) = g'(0), then (a) each of them is the e.g.f. of a unique sequence, and
(b) if the two sequences are identical, f(z) = g(2).

Proof: Point (a) is a direct consequence of the above explicit construction of the sequence having f(z) as its e.g.f. Point (b) follows from the fact that
the imposed conditions define, in virtue of (1.10), the two starting values of the two sequences, namely ¢, = f(0) = g(0) and ¢; = f'(0) = ¢'(0). Since
the starting values of the recurrence process are the same, the two sequences are identical [6], implying also the identity of the two functions.

I1. Basic properties of the sequences
Lemma 2: When ¢; = 0 then S,,{cy, ¢;} = 0 for any n > 0, and therefore egf(z; S{c,, 0}) = ¢, = constant.

Proof by induction: From (1.9) we have ¢, = cqcy, ¢35 = coCp + €2, ¢4 = CoC3 + 3¢1Cp, ..., illustrating that, for any n > 2, the coefficient c,, can be written
as a sum of terms, the first one of which is a product of the possibly nonzero c, with c,,_;, while the others contain as factors coefficients with indices
larger than 0, but smaller than n. Hence, if the Lemma holds any nonzero index smaller than n, then it holds also for c,,.

Since constant functions are trivial solutions of (I.1) and (I.3), we will henceforth assume that ¢; # 0.

Lemma 3: When ¢, = 0 then, by equations (1.9), S,{c,, ¢1} = 0 for all even-indices, and therefore egf(z; S{0, c;}) is an odd function.
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Proof by induction: When n is even then each term on the right-hand side of (1.9) contains the product of two coefficient ¢, c,,_;+1 one of which has an
even index. Therefore, assuming that the Lemma holds for every even index up to some n, then it holds also forn + 2.

Lemma 4: Given any constant a, when (I.3) holds for a function f(z), then it holds also for a - f(az).
Proof: Use direct substitution and the elementary properties of the derivatives.
In terms of the corresponding sequence, this implies

Lemma 5: Given any sequence S{c,, ¢; } and any complex constant a, we have

egf(z; S{acy, a*c,}) = a * egf(az; S{cy, 1 }) (IL1)
and, foreveryn =0,1,2, ...,
Splacy,a?ci} = a"*1S,{cy, c1}. (11.2)

Proof: Set f(z) = egf(z; S{acy, a’c;}) and g(z) = a * egf (az; S{cy, c1}). Since these two functions satisfy the pre-requisites of Lemma 1 (they have
the same value and the same first derivatives at z = 0), they must be identical. The last identity is easily verified by comparing the corresponding
terms in the expansion (1.10) for f(z) and g(z), which must be identical as well.

An important special case of the last Lemma arises when a = —1, corresponding to a sign inversion of c,, while ¢, does not change:

Lemma 6: egf (z; S{—cy, c1}) = —egf(—z; S{cy, c1}), and therefore the elements of S{—c,, ¢, } differ from those of S{c, c; } only by the alternation of the
signs of even terms,

Sn{=co,c1} = —=(=1)" Sp{co, c1}: (IL.3)

When ¢, ¢; are integer numbers then, in virtue to the recurrence (1.9), all the terms S,,{c,, ¢, } are integer as well. It is likewise obvious that when ¢y, ¢;
are rational numbers, then all the terms of S,,{c, c; } are also rational. Moreover:

Lemma 7: When ¢, ¢; are rational numbers and q is the smallest common multiple of their denominators, then

egf (q =z S{co,c1}) = egf(z/q;S{qco, a*c1 )/ a, (11.4)
and S{qc,, q%c,} is an integer sequence.
Proof: In Lemma 5,seta = qgand z - z/q.

In this way, the e.g.f. of any sequence S{c, ¢; } generated by a pair of rational numbers can be expressed by means of the e.g.f. of an integer sequence.
Other interesting special cases of Lemma 5 arise by setting a = +j:

Lemma 8: egf (z; S{tjcy, —c1}) = tj - egf (£jz; S{cy, ¢1}), and therefore
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Spltico, —c1} = (£)™* Splco, c1)- (IL.5)

Consequently, when ¢, ¢; are real numbers, a sequence S{+jc,, ¢; } alternates purely imaginary terms with purely real ones.

It is also interesting that, in general, integer complex coefficients ¢y, c; give rise to a sequence of integer complex numbers (see Section IX).

[1I. Closed expressions for the e.g.f.

From equation (I.3) we obtain, after a rearrangement and a first integration,

f'=ff=0>"/2=2f"=f*+x? (11.1)
with k being any arbitrary constant. Setting f (z) = kg(z), this gives

dg/(g*+1) = (x/2)dz = d(atan(g)) = d(A2), (111.2)
where A, = k/2 is still a constant. Integrating the latter equation, we obtain

atan(g(z)) =0z + 1 = g(2) = tan(Ayz + 1,), (1I1.3)
where tan(z) and atan(z) are the tangent [8, 9, 10] and the inverse! tangent functions [11, 12, 13], respectively.
Equation (111.3) yields

f(z) = 2Aqtan(Ayz + 1). (111.4)

In order to fully define the egf (z; S{c,, c;}), we need to find the integration constants {4, 4, } matching the two starting coefficients {c,, ¢; }.
This can be easily done by comparing the derivatives:

co = f(0) = 2Agtan(4y), c; = f'(0) = 243/cos*(4y), (1IL5)

Equations (II.5) represent a mapping from {4, 4, } to {cy, ¢;} which is unique and void of problems, as long as 4, is nonzero and 2, is different from
+ /2 + 2k The inverse mapping, from {c,, c; } to {4y, 41}, requires a bit of care. After some manipulation, the result is

A= acos(\/(ch - COZ)/(ch)), Ao = 0%/ (2c; — cp?) /4, 0 = cocy/+/cEct. (11L.6a)

1 For brevity, we use the notations atan, acos, asine for the inverse functions of tan, cos, sine, respectively, instead of the notations arctan, arccos, arcsine. Likewise, atanh,
acosh, asinh are used for the inverse hyperbolic functions.
5
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Using the principal value of the square root function [14] and the main branch [15] of acos(z), the solution (III.6a) covers any complex values of
{co, c1}, except for two special situations. We will see in a moment that one of these situations turns out to be still ‘regular’, while the other is ‘singular’
and leads to a different type of e.g.f.

The first special situation occurs when ¢, = 0 since, in this case, equations (I11.6a) formally fail unless one resorts to a limit transition.
However, the following, easily verifiable, solution of for this situation emerges from equations (II1.5):

=0 = 4,=0, }g=0%-Jc1/2, 0=c;/cZ (111.6b)

The other special situation is singular and arises for ¢; = c,2/2. Equations (IIl.6a) indicate that when ¢; — ¢,?/2 then 1, — 0, ; — m/2, and
therefore f(z) — oo for any z. Moreover, since there are many pairs {cg, ¢;} for which ¢; = c,%/2 and they all lead to A, = 0, 1; = /2. This means that
the inverse mapping {1y, A} — {co, ¢1} is for these values of {4, 1, } undefined.

In order to resolve this situation note that, by Lemma 5, egf(z; S{co,c2/2}) = co - egf (coz; S{1,1/2}).
A very simple proof by induction shows that {1, 1/2} evaluates to

Sp{1,1/2} =nl/2™ = egf(z;5{1,1/2}) =1/(1 — z/2). (111.7)
Consequently, the singular cases are all covered by the following
Lemma 9: For sequences of the form S{c, c3/2},

egf(z; S{co,c5/2}) = co/(1 — coz/2) and Sp{co,cf/2} = co(co/2)"n! (111.8)
It is trivial to verify explicitly that this e.g.f. indeed satisfies equation (I.3).

Having covered all possible sequences S{c,, c; } we realize that:

Lemma 10: Every sequence S{cy, c¢;} defined by the recurrence (1.9) and any complex starting values ¢, c; has an e.g.f. which is convergent in some
neighborhood? of z = 0. Explicitly: when ¢; # c,2/2, then

egf(z;S{co, ¢1}) = 2Aptan(Aoz + 1,), (111.9a)
with {1, 1, } defined either by equations (IIl.6a) or (II.6b), depending whether c, is zero or not. Otherwise, when ¢; = ¢,2/2, then
egf (z;S{co, c1}) = co/(1 — co2/2). (111.9b)

2 A different matter is the value of the radius of convergence of the e.g.f., which is not investigated here.
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To conclude this Section, let us note that when {c, ¢, } are both integer or rational numbers, the argument of the acos function in (IIl.6a) is the square
root of a rational number. Notice also that, since the values under the square roots need not be positive, any of the values of {1,, A, } may be complex.
In such cases, some readers might prefer to switch in equation (I11.4 and I11.6a) from trigonometric functions and their inverses with complex argument
to the corresponding hyperbolic functions [16, 17, 18, 19] and their inverses [20, 22]. We will do that in Section V, but for the moment we will stick to

the current notation, privileging the uniformity of exposition.

IV. A few examples
Example 1: Consider the sequence S{1,1}. Using the PARI/GP software listed in the Appendix, we obtain
S{1,1}={1,1,1,2,5,16,61,272,1385,7936,50521,353792, ...},

which are the Euler zig-zag numbers, alias the alternating permutations counts, OEIS A000111 [27],
for which the corresponding e.g.f. is known to be (1 + sin(z))/cos(z),

It is easy to verify explicitly that, as implied by Lemma 1, this function satisfies equation (I.3).
Equations (I1I.6a) give A, = 0.5, 1; = /4, and thus, by equation (II.9a),

egf(z;S{1,1}) = tan(z/2 + w/4),
which is indeed identical to the previous expression.
Example 2: Inverting the sign of ¢, in the previous example inverts the signs of all even terms:
S{-11}={-1,1,—-1,2,—-5,16,— 61,272,— 1385,7936, — 50521, ...},
a sequence for which, according to Lemma 6,

egf(z;S{—1,1}) = —tan(—z/2 + n/4) = tan(z/2 — /4) = (sin(z) — 1)/cos(2).

Example 3: Changing the sign of ¢;in Example 1 does not have such a simple effect as changing the sign of cy. One obtains:

${1,-1}={1,-1,-1,0,3,6,—9,—90,—153,1134, 8019, 2430, ...}.

After a few elementary simplifications (see Section V below), equations (I1l.6a) yield for this sequence

egf(z; S{1,—1}) = /3 tanh (—z V3/2 + acosh (M))
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Example 4: Let us now see an instance of a sequence with ¢y = 0, namely

5{0,2} ={0,2,0,4,0,32,0,544,0,15872,0,...}. (IV.4a)
In this case, equations (Il1.6b) give 4, = 1,4, = 0, so that
egf(z;5{0,2}) = 2 - tan(z). (IV.4b)

As expected from Lemma 3, all even terms of this sequence are zero and the e.g.f. is odd.
The nonzero odd terms match those of OEIS A012509, a fact that will be discussed in more detail in Section VIII.

Example 5: When, in the previous example, we change the sign of ¢, the result is

${0,-2} ={0,-2,0,4,0,—32,0,544,0,—15872,0,...}. (Iv.5a)
Equations (II.6b) now give 45 = j, A; = 0, and therefore
egf(z;${0,—-2}) = 2j - tan(jz) = —2 - tanh(z). (IV.5b)

This can be generalized as follows:
Lemma 11: When ¢, = 0, changing the sign of c; results in changing the signs of the alternate odd terms, while all even terms remain zero.
Proof: proceed iteratively, directly from the recursion (1.9).
Notice that the precondition ¢, = 0 is essential; when dropped, nothing can be said. To appreciate this, compare Examples 1and 3.

Example 6: Let us also take a look at one of the singular cases with 2¢; = ¢,?, such as

S{2,2} ={2,2,4,12,48,240,1440,10080,...}, for which ¢, =2 * n! (Iv.6a)
Equations (I11.8) yield for this case the rather self-evident
egf(z 5{2,2}) =2/(1 - 2), (IV.6b)

This sequence is related to OEIS A208529 but, again, we will discuss this fact later in Section VIIIL.
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V. Useful identities and simplifications of the e.g.f.’s
The tangent [10] tan(z)belongs to the family of trigonometric functions [8, 9] which, in C are closely related to the hyperbolic ones [16, 17, 18, 19].

The same holds for the respective inverse functions [11, 12, 13, 15, 20, 21, 22], among which we are primarily interested in the inverse cosine [15]
acos(z) appearing in (IIl.6a), and in its hyperbolic counterpart [22] acosh(z). The properties of all these functions are well known and amply
discussed in the references.

What interests us here are specifically just a few ‘recipes’ for simplifying the e.g.f. expressions in order to avoid, when possible, imaginary and complex
values, particularly when the starting coefficients {c, ¢, } are real. To do so, if need be, we will privilege the use of the hyperbolic function tanh(z) and
coth(z), and of the inverse hyperbolic function acosh(z).

The following identities are valid for any complex z. They are easy to derive from basic definitions and conventions:

tan(—z) = —tan(z), tanh(—z) = —tanh(z) (V.1)
tan(jz) = j - tanh(z) (V.2)
tan(z + n/2) = —1/tan(z) = —cot(z) (V.3)
tan(jz + m/2) = j - coth(z) = j/tanh(2) (V.4)
acos(z) = (m/\/z—_l) -acosh(z), (V.5)
acos(V—=z) = (n/2) — asin(V1 + z) = (n/2) + (V—z/Vz) - acosh(V1 + z) (V.6)

The last two identities are conditioned by the type of complex plane cuts adopted for the multi-valued inverse functions3. In this Note we follow the
conventions of Abramowitz-Stegun [23], which match those of MathWorld [24] and Mathematica [25], and are respected also by PARI/GP [26].
Occasionally, we will also make use of special values of the involved functions, such as

acos(1) = acosh(1) = 0, acos (,/1/2) =1/4, acos(\/§/2) =1/6, etc. .7

3 Note: The square roots appearing in (V.5) and (V.6) denote the principal values of the function.
Warning: In complex arithmetic, expressions such as V1 — z/vz — 1 or V—2z/+/z may not be simplified by using a single square root.

9
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Classification of the e.g.f.’s and their sequences

The e.g.f. functions defined by the roof expression (Il1.4), f(z) = 24gtan(1yz + 1,), can be now grouped, and possibly simplified4, according for the
various types of the pairs {14, 1, }.

In the following, r and s are assumed to be nonnegative real numbers.

Type A: Ao = tVr, 4 = acos(Vs), withs <1 (V.A)
Examining equations (I11.6) we see that this applies to sequences with 0 < ¢Z < 2c; and that the sign of 1, matches that of .

This case requires almost no simplification; we have: f(z) = 2vr tan (Z\/F + acos(\/E)).

A still more special case arises when s = 1 because then A; = 0 and f(z) = 2Vr tan(z\/F)

Type B: Ao = £V=r, A; = acos(v/=s), (V.B)
This case applies to sequences with 0 < 2¢; < ¢3, and the sign of 1, matches that of .

The simplified formula is: f(z) = —2v7 - coth (Z\/F F acosh(ﬁ)) = —2+/r/tanh (z\/F F acosh(\/l—-l—s)).

Type C: Ao = +V-1, A1 = acos(Vs), withs > 1: (V.0)
This applies to sequences with ¢; < 0, and the sign of 4, is opposite than that of ¢,.

The simplified formula is: f(z) = —2v7 tanh (Z\/F + acosh(\/g)).

A still more special case arises when s = 1 since then A; = 0, 4y = —/=r, 7 = —¢;/2, and f(z) = 2vr tanh(—zVTr).

Type S (singular): corresponds to situations covered by Lemma 9, when ¢; = ¢y?/2 and f(z) = ¢q/(1 — coz/2). V.S

4 To the extent to which equation (V.2), for example, can be considered a ‘simplification’. Simplicity is in the eyes of the beholder, so to say.
10
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VL. Table I. Some integer sequences satisfying recurrence (1.9) and their e.g.f.’s

The list is sorted primarily by the absolute value of ¢; (increasing from 1 to 3). For each |c, | value, there are two rows, one for positive ¢; and one for negative ¢,
(marked by gray background). A secondary sorting is according to decreasing c, value (from 3 to -1). The first column shows the starting terms of the sequence. The
next two columns show values of 1 and 4, in the egf (z; S{cy, ¢1}) = 2Agtan(4yz + ;). For uniformity, these are shown in the format used in equations (II1.6) even
when simpler-looking reduced forms are available. The background color of these cells indicates whether the value is real (white), pure imaginary (bluish), or
complex (gray). The penultimate column shows the corresponding e.g.f.’s in their simplified forms (see Section V, which contains also the definition of the distict

Types of the e.g.f.’s). Finally, the last column contains notes, such as links to relevant OEIS entries, when they exist.

621056, 8669696, 29403136, -540059648, ...

S{co,c1} Ao A Type f(z) = egf(z; S{cy, c1}) OEIS

3,1,3,10, 39, 184, 1047, 7000, 53571, 460936, —7/a acos (V=772 B 7 coth (247)2 — acosh(3/32 Not in OIS

4404603, 46296040, 530878719, 6595091944, .. ( ) ( (3/42))

3,-1,-3,-8,-15, 14,357, 2302, 7725,-23626,-655383,- | — /—11/4 | acos(J11/2 C | _viis h( /2 — acosh(J/Ti 2) Not in OIS

6082538, -26422935, 192117134, 5645490477, ... ( ) Vi tanh(zV11/2 - acos (V / )

2,1,2,5, 16, 64,308, 1730, 11104, 80176, 643232, —2/4 acos (V=272 B V2 coth (2422 — acosh(¥Z cn = A131178(n), for n>0
5676560, 54650176, 569980384, 6401959328, ... ( ) ( (v2))

2,-1,-2,-3,0, 24, 108, 162, -1440, - 14256, -54432, V=674 | acos(V672) C V& tanh (+5/2 - acosh(¥3)) Not in OEIS

177552, 4432320, 31796064, 10520928, ...

1,1,1,2,5,16,61,272,1385, 7936,50521, 353792, /1/4 acos( 1/2) A tan(z/2 + w/4) cn=A000111(n); example 1
2702765, 22368256, 199360981, 1903757312, ...

1,-1,-1,0,3,6,-9,-90, -153, 1134, 8019, 2430, - —J3/2 | acos(J3)2 C Ao h( 2 /2 — acosh (372 ) Not in OIS

262197, -1438074, 4421871, 104152230, ... (v372) V3 tanh(2+3/2 — acos (*’ / )

0,1,0,1,0,4, 0,340,496, 0, 11056, 0, 349504, 0, /4 acos (4/272) A V2 tan(z/2) cam1 = A002105(n), n>0
14873104, 0, 819786496, 0, 56814228736, ...

0,-1,0,1,0, -4, 0,340, -496, 0, 11056, 0, -349504, 0, V278 | acos(272) C V2 tanh(2/2) see A002105

14873104, 0, -819786496, 0, 56814228736, 0, ...

-1,1,-1,2,-5,16,-61,272,-1385, 7936, -50521, -J/1/4 acos( /1/2) A tan(z/2 —n/4) |cn|=A000111(n); example 2
353792, -2702765, 22368256, 199360981, ...

-1,-1,1,0,-3,6,9,-90, 153, 1134, -8019, 2430, 262197, | /—3/4 acos (J3/2 C B ( ) Not in OIS

-1438074, -4421871, 104152230, ... ( ) V3 tanh(23/2 + acosh (" 3/2)

3,2,6,22,102, 590, 4110, 33430, 310710, 3248510, —5/4 acos (=574 B 5 coth (2432 — acosh(3/2) 1+2*A230008

37737150, 482225350, 6722336550, ... ( ) ( )

3,-2,-6,-14, -6, 202, 1506, 4594, -29814, -573062, - —J=13/2 | acos(J13/4 C V13 tanh (2713/2 — acosh(¥13/2)) | Notin OEIS

4098606, 2741026, 487823034, 6657110122, ... ( ) ( ( )

2,2, 4,12, 48, 240, 1440, 10080, 80640, 725760, Singular: Lemma 9 S 2/(1—2) on = A208529(n+2) = 2*n!
7257600, 79833600, 958003200, 12454041600, ... c1=c?/2 | Example 6

2,-2, -4, -4, 16, 112, 224, -1696, -18176, -50432, —J=8/& | acos (/874 C V8 tank (22 - acosh(VZ)) 2-2* A006673

S. Sykora, Sequences related to the differential equation f’ = a.f'f;, DOI: 10.3247/SL6Math17.001
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1,2,2,6,18, 78,378, 2214, 14562, 108702, 897642, 32 acos (374) A V3 tan(zV3/2 + 7/6) cn = 2*A080635(n) B0
8171766, 81066258, 871695918, 10091490138,
1,-2,-2,2, 14, 10,-170,-670, 2270, 30490, 26950, - V574 | acos(y5/4) C VS tanh (2V5/2 — acosh(v5/2)) | Notin OEIS
1435150, -8513650, 59564650, 1050090550, ...
0,2,0,4,0,32,0,544, 0, 15872, 0, 707584, 0, 474=1 | acos (Ja74) A 2 tan(z) cam1 = A012509(n), n>0
44736512, 0, 3807514624, 0, 419730685952, ...
0,-2,0,4,0,-32,0, 544, 0, -15872, 0, 707584, 0, - “VA7E | acos(J474) C 2 tanh(2) a1 = (-1)" A012509(n), n>0
44736512, 0, 3807514624, 0, -419730685952, ...
1,2,-2,6,-18, 78, -378, 2214, -14562, 108702, - —J3/a acos (J374) A V3 tan(z3/2 — 1/6) en = (-)"1(2*A080635(n) -Son)
897642, 8171766, -81066258, 871695918, ...
1,-2,2,2,-14, 10, 170, -670, -2270, 30490, -26950, - —5/4 acos (574) C VS tanh (2V5/2 + acosh(Y5/2)) | Notin OFIS
1435150, 8513650, 59564650, -1050090550, ...
?;}?;,79(),5166,;;8;?1’%?12}%62?}%1,90234, 949401,11237778, | J—3/4 acos (J=376) | B 3 coth (Z\/§/2 — acosh( ,—3/2)> Not in OEIS
3,-3,-9,-18, 27, 540, 2835, -1620, - 183465, 1744740, - | — /—15/4 | acos (/15/6 C /i ( = > ) Not in OEIS
2205225, 176345100, 2703186675, ... ( ) VIS tanh (215/2 - acosh ({/5/2)
2.3, 6,21, 96, 552, 3804, 30594, 281184, 2907408, 274 acos (|/276) A VZ tan (2/\7 + acos(1/V3)) Not in OEIS
33402336, 422124816, 5819603136, ...
2,-3, -6, -3, 48, 240, -60, -8670, -51360, 155760, — /1072 | acos(J10/6 C _/To¢ h( =75 — acosh (/573 ) Not in OEIS
5037600, 29043600, -278116800, -6566138400, ... ( ) VIO tanh(2y/5/2 — acosh (/5/3)
1,3,3,12,39,210, 1155, 8130, 61995, 548490, 574 acos (576 A = ( = = 6) Not in OEIS
5296575, 56843850, 661572975, 8370001650, ... ( ) an(2V5/2 + acos (/5/6)
1,-3,-3, 6,33, -12, -687, -1596, 20517, 150612, - — /772 | acos(J7/6 C 7 ( =y = ) Not in OEIS
627123, -13807164, -11222967, 1377176388, (v77e) V7 tanh(2+7/2 - acosh (7/6)
0,3,0,9,0,108,0,2754, 0, 120528, 0, 8059824, 0, 6/4 acos (|/676) A V& - tan (2/372) Not in OEIS
764365248, 0, 97582435344, 0, 16135857600768, ...
0,-3,0,9,0,-108,0,2754,0, -120528,0,8059824,0,~ | —/—6/4 | acos(y6/6) C VG tank (+/3/2) Not in OEIS
764365248, 0, 97582435344, 0, -16135857600768, ...
-1,3,-3,12,-39, 210, -1155, 8130, -61995, 548490, - — /54 acos (576 A = ( =0 z 6) Not in OEIS
5296575, 56843850, -661572975, 8370001650, ... ( ) V5 tan (2V5/2 - acos (1/5/6)
-1,-3,3,6,-33,-12, 687, -1596, -20517, 150612, =7 acos (776 C - ( 5 ) Not in OEIS
627123, -13807164, 11222967, 1377176388, ... ( ) V7 tanh(2\7/2 + acosh (J7/6)
12
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VII. Some sequences with rational starting coefficients

The extensions of the sequences S{cy, c;} to rational pairs {cy, ¢;}, and their successive modification to make all their terms integer, are based on
Lemma 7. To illustrate how it works, let us see a few very simple examples.

Example 7:
1 111 5 17 109 649 5285 44513 448861 4836601 58743125
5{5’1}_ 7124 8 16 32" 68 128 ' 256 ' 512 ' 1024 3 (VIL.73)
By Lemma 7, this sequence is related to S{1,4}. Specifically,
1 1
Snf3 1} = s Sal14} (VIL7b)

and, by equations (I11.6a),

egf (Z; S {%, 1}) = gtan <gz + acos <\/§>> (VIL7¢)

Example 8:
1 o' 1! 2! 3! 4! 5! 1 _ n
siual =G swn = slid=5 (ViL8a)
Since in this case ¢; = cy?/2, this is one of the singular sequences and, by equation (II1.8),
1
egf (z5{13}) =1/(1-2). (VIL8b)
By Lemma 7, this sequence is related to the singular integer sequence S{2,2} listed in Table I. Specifically,
1 1
Sn{l3} = o Sal2,2) (VIL8C)
Example 9:
11 1113 9 39 189 1107
sEad=frismn e ) (VIL9)
By Lemma 7, this sequence is related to S{1,2}. Specifically,
11 1
S, {E' E} = =512} (VIL9Db)
13
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egf (z5(3.3}) = ?tan (z§ +9). (VIL9c)

VIIL. Some related OEIS entries and their e.g.f.’s

It turns out that many of the integer sequences congruent with equations (I.1) or (I.3) are registered in OEIS, the Online Encyclopedia of Integer
Sequences [7], often without mentioning any relationship between them. Realizing that they belong to the same family is a helpful classification feature
(it also justifies registering a few more special cases and attempting a closer analysis of their shared properties).

The following is a short list of relevant OEIS entries. There must be many more; these are just those that were easy to spot without much effort.
A000111 [27]: In Example 1 we have already mentioned that this OEIS sequence matches exactly the sequence S{1,1}, i.e,,
A000111(n) = S,{1,1}, and egf(z;A000111) = egf(z;S{1,1}) = tan(z/2 + m/4).

The same e.g.f. formula appears in the OEIS entry in a note by Vaclav Kotesovec (Nov 8 2013). In another note in the same OEIS entry, Peter
Bala (Sep 10 2015) remarks that the function satisfies the differential equation identical to our (1.3). Thus, in a sense, the OEIS entry A000111
anticipates this study, even if just for a single instance.

As discussed in Example 2, OEIS A000111 relates also to S{—1,1} whose terms match those of ${1,1}, except for alternating signs:
f(2) =egf(z;{(—1)"A000111(n)}) = egf (z; S{—1,1}) = tan(z/2 — n/4), a function which also satisfies equation (I.3).
Not surprisingly, there are many more OEIS ‘hits’, even though not quite as close ones as OEIS A000111:
A000142 [28] is related to S{2,2}, in a rather trivial way, since
A000142(n) = n! = 5,{2,2}/2 = 1/(1 — z). An easy explicit evaluation shows that the function
f(z) =2 %A000142(n) = S,{2,2} = 2/(1 — z) indeed satisfies equation (I.3).
A000182 [29] is related to S{0,2} since, for n > 0, we have
A000182(n) = S,,-1{0,2}/2. Considering that all even terms of S{0,2} are zero, it follows that

ZZn—l

Yn—1A000182(n) = egf(z;5{0,2})/2 = tan(z), in agreement with the second e.g.f. formula in the OEIS A000182 entry.

(2n-1)!
A000629 [30] is related to S{3,4} by
A000629(n) = (Sp{3,4} — S,n)/2, where &, , is the Kronecker delta. Hence

14
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egf(z; A000629) = (egf(z;S{3,4}) — 1)/2 = (coth (—z/z + acosh (,/9/8)) - 1)/2 =e?/(2 —e?).

The latter identity can be shown to hold through a somewhat tedious explicit manipulation or, more easily, using Wolfram Alpha.
The final expression matches the e.g.f. reported in OEIS A000629.
The present insight indicates that f(z) =1+ 2 *x egf(z; A000629) = (2 + e?) /(2 — e?) satisfies equation (I.3).

A002105 [31] is related to S{0,1} since, for n > 0, we have

A002105(n) = {1,1,4,34,496,11056,349504, ...} = S,,,_1{0,1}. Considering that all even terms of S{0,1} are zero, it follows that
(2n-1)! = egf(zl S{O,l}) = \/E tan(Z/\/E),

as noted by Michael Somos (Mar 05 2017) in the same OEIS entry. The function f(z) satisfies equation (1.3).
A006673 [32] is related to S{2, —2} through
Spl2,—2} = 28,9 — 2 * A006673(n). Consequently,

ZZn—l

f(2) = ¥2_, A002105(n)

egf(z; A006673) =1 —egf(z;S{2,-2})/2 =1 — /2 tanh (—Z\/Z + acosh(\/f))
This also proves that f(z) =2 — 2 *egf(z; A006673) satisfies equation (I.3).

A009764 [34]. As noted in the OEIS entry, this sequence is almost identical to OEIS A000182 which we have already discussed.
One can write A009764(n) = A000182(n + 1) — & . Consequently,

-2 _
)—1==(tan(2)) - 1,
which indeed evaluates to tan?(z) as stated in the definition of AO09764.

A080635 [35] is related to S{1, 2} and therefore (by equation VIL.9b) to S{1/2,1/2}. In particular, we have
Sp{1,2} = 2% A080635(n) + &, 9, so that

egf (z;4080635) = (egf(z S{1,2}) — 1)/2 = (V3/2) tan(zV3/2 + n/6) — 1/2.

ZZn

o0 d o0
Ti=0 A009764(n) L = E(znzleomsz(n)

ZZn—l

(2n-1)!

15
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For this sequence, the same result was obtained by slightly different means by Peter Bala (see his Sep 11 2015 comments in the OEIS entry),
including the recurrence for the coefficients, and the differential equation for egf (z; A080635) with a modified first term. We can rephrase his
comment by saying that

f(z) =2 xegf(z; A080635) — 1 satisfies equation (I.3).
A098558 [36] is another OEIS sequence closely related to S{2, 2}, since
A098558(n) = S,{2,2} — &, in agreement with
egf(z; A098558) = egf(2;5{2,2})) —1=(1+2)/(1 — 2).
The function f(z) = egf(z; A098558) + 1 therefore satisfies equation (I.3).
A012509 [37] is related to S{0, 2} since, for n > 0, we have
A012509(n) = S,,-1{0, 2}. Considering that all even terms of S{0,2} are zero, it follows that

ZZn—l

(2n-1)!

A131178 [38] matches S{2, 1} except for the first element Sy{2, 1} = 2 which is missing. Consequently,
egf(z;A131178) = egf(z; S{2,1}) — 2 =2 - coth (—Z\/i/z + acosh(\/f)) —-2.

¥, A012509(n)

=egf(z; ${0,2}) = 2 x tan(2).

It proves that the function f(z) = egf(z; A131178) + 2 satisfies equation (I.3).
A208529 [39] matches the singular case S{2,2} except for a shift in offsets: S,,{2,2} = A208529(n + 2).
Consequently, extending A208529 by setting A208529(0) = A208529(1) = 0, we have
egf(z; A208529) = z2 x egf(z;S{2,2}) = 2z2/(1 — 2).
A230008 [40] is related to S{3, 2} through S,,{3,2} = 2 * A230008(n) + &, . Hence
egf (z; A230008) = (egf(z 5(3,2}) — 1)/2 = (V5 coth (—z5/2 + acosh(3/2)) - 1)/2,
thus proving that the function f(z) = 2 *xegf(z; A230008) + 1 satisfies equation (1.3).
A234797 [41] is related to S{1/2, 1} and S{1, 4} since, for n>0,
A234797(n) = 2"715,{1/2,1} = S,,{1,4}/4. Since the index offset of A234797 is 1, we can set A234797(0) = 0, so that

16
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egf (A234797) = { (eg/ (5:S(1,4) = 1) = £( (ﬁz s (f)) - 1)

2

and the function f(z) = 4 x egf (z; A234797) + 1 satisfies equation (I.3).

IX. Complex integer sequences satisfying (1.9) and their e.g.f.’s

When one or both of the starting terms c,, ¢; is complex then, in general, the whole sequence S{cy, ¢, } is complex. Another general rule is that when
replacing {c, c; } by their complex conjugates, every element of the whole sequence gets replaced by its complex conjugates. It is also evident from the
recurrence (1.9) that when the starting coefficients {c,, c; } are complex integers, then so are all the elements of S{c,, ¢, }.

Some cases involving imaginary starting integers can be reduced to those with non-imaginary integers by applying Lemma 8, according to which
Splico €13 = j™* 1 Spfco, —c1} and egf (z; S{jco, c1}) = j - egf (jz; S{co, —c1}). (IX.1)
These features limit considerably the number of qualitatively distinct> complex integer sequences, some typical examples of which are:
Example 10: For S{1, j} we obtain the following sequence® of complex-valued integers:
real(S{1,j}) =1{1,0,0,—1,—4,—11,—26, —23, 376, 4041,28266, ...}
imag(s{1,j}) ={0,1,1, 1, 1, -3, —33,—-179,-767,—2407, 863, ...}
Equations (I1l.6a) give

Ao = +/(2j — 1)/4 = 0.393075 ...+ j 0.636009 .., A; = acos(y/1+j/2) = 0.452278 ...— j 0.530637 ...

Consequently, the egf (z; S{1,}) is neither purely trigonometric, nor purely hyperbolic. Rather, it is related to a ‘cut’ of the complex function
tan(z) along a generic straight line in the complex plane.

It is interesting to realize that there is an infinity of such generic linear ‘cuts’ whose generating functions have complex integer coefficients.

5 We will say that two complex integer sequences are not qualitatively distinct if, for any n, their n-th coefficients differ only by one of the factors +1, -1 or j, —j.
8 For clarity, let us list separately the real and imaginary parts of each of its terms.
17
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Example 11: For S{0, j} the resulting sequence is related to OEIS A002105 and A273352:
real(s{0,j}) =1{0,0,0,—1,0,0,0, 34,0,0,0,—11056,0,0,0, 14873104, 0,0,0, ...}
imag(5{0,j}) = {0,1,0,0,0,—4,0,0,0, 496,0,0,0,—349504,0,0,0, 819786496, ...}

Equations (I11.6a) give Ay = /j/2 = (1 +j)/2,A; = 0, and therefore egf (z; S{0,j}) = (1 +)) tan(z (1 + j)/2).
As expected, this is closely related to the sequence ${0,1}, the terms of which are “shuffled” between the real and imaginary parts.

Example 12: For 5{0,2;} the resulting sequence is:
real(s{0,j}) ={1,0,0,—4,—16,—44,—104, 316,7456,67620,458280, 1945036, ...}
imag(5{0,j}) ={0,2,2,2,2,—4,0,0,0, 496,0,0,0,—349504,0,0,0, 819786496, ...}
Equations (I1l.6a) give in this case 1, = \/J% =(1+j)/2,A; =0, and therefore egf (z; S{0,j}) = (1 +j) tan(z (1 + j)/2).

X. Conclusions and final remarks

The author’s interest in the consequences of imposing relations (I.1) or (I.3) on a smooth real or complex functions started with the realization that
many integer sequences conform to the resulting recursive definition (1.9) of their Taylor expansion coefficients. By itself, this is nothing new, of
course; many people have studied the same thing without making much fuss about it. For me, I simply wanted to see the extent to which I could ‘wrap
up’ the matter and as many of its consequences into a coherent piece of math.

It turned out to be quite simple in this case. The functions which satisfy

y'(z) = a.y'(2)y(2) (X.1)
can be all expressed as
y(2) = 22/ a)tan(Aoz + A1) (X.2)

with some constant complex values of {1, 4;} (integration constants), and their Taylor expansion can be written as
y(2) = (1/a) Xnzo(cn/nh)z", (X.3)
where the sequence of coefficients satisfies the recurrence relation (1.9) and is fully characterized by an arbitrary pair {cy, ¢;} of starting complex

values. However, there arise also special situations when ¢; = ¢y?/2, in which case the solution (X.2) degenerates into

18
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y(2) = (co/a)/(1 = coz/2), (X.4)
an expression obtainable also by a suitable limit transition of the type 4; — 0,4; — ©/2.
Formulas were derived (IIl.6a and I11.6b) which permit an easy conversion of the starting coefficients {c, ¢, } to/from the integration constants {1, 1, }.

From the recurrence relation it is evident that when {c, ¢, } are both real then the whole coefficients sequence is real-valued. Likewise, when the two
starting coefficients are integers (or complex integers) then so are all of them. This means that any two integers define an integer sequence, and
explains in part why there are so many entries in OEIS belonging to this family.

Appendix: PARI/GP scripts used in this study

The functions listed below are PARI/GP scripts used to prepare this article and numerically test most of the equations.
They make it possible to easily generate any of the sequences discussed here, cast in an OEIS-friendly format.

\\ Dependencies [42-44]: ————————————————————————————————————
\\ The test functions such as IsEg(a,b) are available at

A\ https://oeis.org/wiki/File:EbUtils.txt

\\ The function IntSeq20EIS(file,s,0)) is available at

A\ https://oeis.org/wiki/File:Eblo.txt

SequenceF2eqgF1lF (c0,cl, nmax=20, file="") =

Reference article: Stan Sykora, DOI 10.3247/SL6Mathl7.001.
Generates the sequence of coefficients defined by the
starting pair c0,cl and the recurrence I.9 in the paper.
This is a general procedure; the coefficients may be integer,
rational, real, complex integer, or complex.

In any case, dumps also full info about the sequence and
its egf, as described in the article.

When file="" (default), the output is just displayed.
Otherwise, it is written into the specified plain text file.
When the starting coefficients are integer, then so are

all of them and the output file, after a brief header, has
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a format compatible with an OEIS entry (including a b-file).
N\ *F** Tests

The sections marked as Tests were used to make sure that all
steps were successfull (no problem was encountered). They
may be deleted.

my (CO=c0+0.0*I,Cl=cl1+0.0*I,cc0=C0,ccl=Cl);
my (sgn=1.0,10,11,r0,r1,rr0,rrl);

print ("TITLE: Sequence with c0=",cO0,", cl=",cl,
", and e.g.f. f(z) satisfying f''=f'*f");
if(file!="",
write(file,"\nTITLE: Sequence with a(0)=",c0,", a(l)=",cl,
", and e.g.f. f(z) satisfying f''=f'*f"));

1if(IsEg(C1,0.0), error ("Argument cl may not be 0"));

if (IsEg(C0,0.0),
sgn=Cl; sgn/=sqgrt(sgn”2);
11=0; \\ Special case c0=0
10=sgn*sqgrt(C1/2),
sgn=c0*cl; sgn/=sqrt(sgn”2);
if (IsEq(2*C1,C0"2),
11=Pi/2;10=0.0, \\ Special case 2*cl=c0"2
ll=acos (sgrt ((2*C1-C072)/(2*C1l))); \\ Normal cases
10=sgn*sqgrt ((2*C1-C0"2) /4);
cc0=2*10*tan(11); \\ Backconversion
ccl=2*(10/cos (11))"2)
) ;

N\ *xd e Tests
if(!'IsEg(CO,cc0),
print (">>> Coefficient CO back-conversion test failed: ",ccO);

20
S. Sykora, Sequences related to the differential equation f’ = a.f'f;, DOI: 10.3247/SL6Math17.001



http://ebyte.it/library/Library.html
http://dx.doi.org/10.3247/10.3247/SL6Math17.001

Stan’s Library, Volume VI, Mathematics

if(file!="",
write(file,"!!! Coefficient CO back-conversion test failed: ",cc0))
)7
AN\
if(!IsEg(Cl,ccl),
print (">>> Coefficient Cl back-conversion test failed: ",ccl);
if(file!="",
write(file,"!!! Coefficient Cl back-conversion test failed: ",ccl))

if(IsEq(C0,0.0), rl=1; rrl=11; r0=cl/2; rr0=10,
rl=(2*cl-c072)/(2*cl); rrl=acos(sqgrt(rl));
r0=(2*cl-c072)/4; rrO=sgn*sqrt (r0)
)7

\\ ————————— Dumps
print ("COMMENT: f(z) = 2*10*tan(10*z+11), where:");
if (file!="",
write (file, "\nCOMMENT: f(z) = 2*10*tan(10*z+11), where:"));
N\
if(real(sgn)<0.0,
print ("10 = -sgrt(",r0,") = ",10);
if(file!="",write(file,"10 = -sqgrt(",x0,")™)),
print ("10 = sqrt(",r0,") = ",10);
if(file!="",write(file,"10 = sqgrt(",x0,")"™)),
)
AN\
print ("11 = acos(sqrt(",rl,")) = ",11);
if(file!="",write(file,"11 = acos(sqgrt(",rl,"))","\n"));
\\ mmmmmmeme
N\ *xF e Tests

if(!'IsEg(10,rr0),
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print (">>> Rational form of 10 failed: ",rr0);

if (file!="",write (file, ">>> Rational form of 10 failed: ",rr0)));
AN\
if(!IsEg(ll,rrl),

print (">>> Rational form of 11 failed: ",rrl);

if(file!="",write (file, ">>> Rational form of 11 failed: ",rrl))):
AN\ *F*x e End

my (s=vector (nmax+1)) ;
s[1]1=c0;s[2]=cl;
for (m=0, #s-3, s[m+3]=sum (k=0,m,binomial (m, k) *s[k+1]*s [m-k+2]));
if(file!="",
IntSeqg20EIS (file,s,0));
return (s) ;

}

SequenceF2eqFlFq(c0,cl,g=1,nmax=20, file="") =

/* __________________________________________________________
Reference article: Stan Sykora, DOI 10.3247/SL6Mathl17.001
This version is similar to SequenceF2eqFlF, but includes the
power-multiplier g as used in Lemma 7, Equation II.4, i.e.,
generates the coefficients of egf(g*z;S{c0,cl})

my (CO=c0+0.0*I,Cl=cl+0.0*I,cc0=C0,ccl=Cl);
my (sgn=1.0,10,11,r0,r1l,rr0,rrl);

if (IskEq(C1,0.0), error ("Argument cl may not be 0"));

if (IsEg(C0,0.0),
sgn=Cl; sgn/=sqgrt(sgn”2);
11=0; \\ Special case c0=0
10=sgn*sqgrt(C1/2),
sgn=c0*cl; sgn/=sqrt(sgn”2);
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if (IsEq(2*C1,C0"2),
11=Pi/2;10=0.0, \\ Special case 2*cl=c0"2
ll=acos (sgrt ((2*C1-C072)/(2*C1))); \\ Normal cases
10=sgn*sqgrt ((2*C1-C0"2)/4);
cc0=2*10*tan(11); \\ Backconversion
ccl=2*(10/cos (11))"2)
) ;

N\ *xF e Tests
if (!IskEg(C0,cc0),
print (">>> Coefficient c0 back-conversion test failed: ",ccO);
if (file!="",
write(file,"!!! Coefficient c0 back-conversion test failed: ",cc0))

) ;

if(!IsEg(Cl,ccl),

print (">>> Coefficient cl back-conversion test failed: ",ccl);
if(file!="",
write(file,"!!! Coefficient cl back-conversion test failed: ",ccl))
)7
AN\ F** e End

if(!'IsEg(g,1.0),

print("g = ",q);
if(file!="",write(file,"g = ",q));
)

if(IsEq(C0,0.0), rl=1; rrl=11; rO0=cl/2; rr0=10,
rl=(2*cl-c072)/(2*cl); rrl=acos(sqgrt(rl)):;
r0=(2*cl-c072)/4; rrO=sgn*sqrt (r0)
)

if (real(sgn)<0.0,
print ("10 = -sgrt(",r0,") = ",10);
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if(file!="",write(file,"10 = -sqgrt(",r0,") = ",10)),
print ("10 = sqrt(",r0,") = ",10);
if(file!="",write(file,"10 = sqgrt(",r0,") = ",10)),
) ;
print ("11 = acos(sqrt(",rl,")) = ",11);
if(file!="",write(file,"11 = acos(sqrt(",rl,")) = ",11));
N\ *FF e Tests

if(!IsEqg (10, rr0),
print (">>> Rational form of 10 failed: ",rr0);
if (file!="",write (file, ">>> Rational form of 10 failed: ",rr0)));

if(!IsEg(ll,rrl),

print (">>> Rational form of 11 failed: ",rrl);

if (file!="",write (file, ">>> Rational form of 11 failed: ",rrl))):;
AN\ *Fxx End

my (s=vector (nmax+1) ) ;
s[1]=c0;s[2]=cl;

for (m=0, #s-3, s [m+3]=sum (k=0,m,binomial (m, k) *s[k+1]*s [m-k+2])) ;
for (k=0, nmax, s[k+1]*=g*k) ;
if(file!="",IntSeq20EIS(file,s,0));

return (s) ;

}

SequencesF2eqF1lF (clmax=5,nmax=1000, path="c:") =

Reference article: Stan Sykora, DOI 10.3247/SL6Mathl7.001.
Generates the information comprized in Table I of the article.
Computes and dumps info about all integer sequences generated
by the recurrence I.9 for integer c0 and cl values in the
following ranges: cl = 1,..,clmax, c0 = -1,0,1,..,clmax.

For each sequence creates in the folder "path" a new file
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named like "3,1.txt" or "3,-1.txt". The destination folder
must already exist.

__________________________________________________________ */
{
my (file="");
for (cl=1, clmax,
for (c0=-1, clmax,
file=Strprintf ("%$s%i,%i.txt",path,c0,cl);
SequenceF2eqF1F (c0,cl,nmax, file) ;
file=Strprintf ("%s%1i,%1i.txt",path,c0,-cl);
SequenceF2eqFlF (c0,-cl,nmax, file);
)
)
}
ConvertF2eqFlF cl (c0O,cl) =
2 S I E——————
Reference article: Stan Sykora, DOI 10.3247/SL6Mathl17.001
Uses the coefficients c0 and cl!=0 to compute and display
the lambda constants 10,11 (global variables).
Embodies equations III.6a and III.6b of the article.
__________________________________________________________ */

my (CO=c0+0.0*I,Cl=cl+0.0*I,sgn=1.0);
if (IskEq(C1,0.0), error ("Argument cl may not be 0"));
if (ISEQ(C0,0.0),
sgn=Cl; sgn/=sqrt(sgn”2); \\ Special case c0=0
11=0; 10=sgn*sqrt(Cl/2),
sgn=c0*cl; sgn/=sqrt(sgn”2);
if (IsEq(2*C1,C0"2),
11=Pi/2;10=0.0, \\ Special case 2*cl=c0"2
ll=acos (sgrt ((2*C1-C072)/(2*C1))); \\ Normal cases
10=sgn*sqgrt ((2*C1-C0"2)/4);
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)7
print (10," | ",11);
}

ConvertF2eqFlF 1lc(10,11) =

2 I ——————
Reference article: Stan Sykora, DOI 10.3247/SLoMathl7.001
Uses the lambda constants 10,11 to compute and display

the coefficients c0,cl (global variables).

Embodies equation III.5 of the article.

if(IsEq(1l1,Pi/2), error ("Argument 11 may not be Pi/2"));
c0=2*10*tan (11);
cl=2*(10/cos (11))"2;

}

TestF2eqF1lF (C0,Cl) =

Reference article: Stan Sykora, DOI 10.3247/SL6Mathl17.001
Uses the coefficients C0,Cl to compute the lambda constants,
then converts them back to the c-constants and compares them
back for an easy comparison. Used to test the conversion
formulas (full cycle).

c0=C0+0.0+0.0*1;
cl=C1+0.0+0.0*I;

print (cO,™ | ",cl);
ConvertF2eqgFlF cl(c0,cl);
ConvertFZ2eqgFlF 1c(10,11);
print (0.0+cO,™ | ",0.0+cl);
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